The nonprojectable Hořava theory at the kinetic-conformal point is defined by setting a specific value of the coupling constant of the kinetic term of the Lagrangian. This formulation has two additional second class-constraints that eliminate the extra mode. We show that the space of solutions of this theory in the Hamiltonian formalism is bigger than the space of solutions in the original Lagrangian formalism. In the Hamiltonian formalism there are certain configurations for the Lagrange multupliers that lead to solutions that cannot be found in the original Lagrangian formulation. We show specific examples in vacuum and with a source. The solution with the source has homogeneous and isotropic spatial hypersurfaces. The enhancement of the space of solutions leaves the possibility that new solutions applicable to cosmology, or to other physical systems, can be found in the Hamiltonian formalism.
Introduction
Hořava theory [1] has been studied as a candidate for a perturbatively renormalizable theory of quantum gravity. Its main characteristic is that it abandons the symmetry of general covariance over the spacetime in order to introduce terms of higher order in spatial derivatives in the Lagrangian. These terms can improve the renormalization of the theory. In this scenario, the emerging of undesirable ghosts can, in principle, be under better control than in generally covariant theories [2] , since the order in time derivatives is not increased.
The first step in the formulation of the theory is the assumption of the existence of a foliation constituted of spatial slices, each one corresponding to a instant of time. The underlying symmetry of the theory is given by the diffeomorphisms that preserve the foliation (FDiff). The FDiff do not allow that the transformation of the time coordinate depend on the spatial points; the congruence of lines of time is preserved by the FDiff. One implication of this reduced symmetry is that a spacetime structure is not mandatory [1] . Although the theory is formulated in terms of the standard Arnowitt-Deser-Misner (ADM) variables, the geometry is encoded on the spatial metric, whereas the lapse function and the shift vector can be regarded as fields over the spatial slices that evolve in time. A spacetime structure can be anyway implemented by interpreting the lapse function and the shift vector as the corresponding components of the spacetime metric, but this is not mandatory.
The nonprojectable version of the Hořava theory [1, 3] , which is the case defined by the possibility of the lapse function depends on the spatial coordinates, admits a special formulation that is given by setting a particular value of the coupling constant of the kinetic term of the Lagrangian, which is λ = 1/3. When this value is set, the theory acquires two additional second-class constraints and the extra mode is eliminated. This case was studied in terms of its Hamiltonian formulation in Ref. [4] . Interestingly, at the value λ = 1/3 the kinetic term of the Lagrangian acquires an anisotropic conformal symmetry [1] , but the theory is not conformally invariant since the potential is not. For this reason in previous works we have called this case as the kinetic-conformal formulation. In Ref. [5] we showed that the kinetic-conformal theory has propagators only for the transverse traceless tensorial modes of the spatial metric (on the transverse gauge), and that there are no ghosts. We also proved the power-counting renormalizability of the theory in that reference.
A recent report on the Hořava theory can be found in [6] . We emphazise that in the kinetic-conformal theory there are no radiative corrections to the λ = 1/3 condition. This is not associated to symmetries, it is a dynamical fact. The secondclass constraints are not associated to gauge symmetries, the elimination of the extra mode in the kinetic-conformal formulation is not due to a gauge symmetry. The quantization is based on the constraints and field equations, they must be satisfied at any stage of the process of quantization. Indeed, the two additional second-class constraints of the kinetic-conformal theory are incorporated to the path integral and affect the measure [5] . The coupling constants of the theory are effectively modified by the raditive corrections, but this must happen in such a way that the constraints are preserverd, otherwise the quantization is inconsistent. Therefore, the constraints of the theory necessarily fix λ = 1/3, λ is not a running constant in the kinetic-conformal formulation. The quantum kinetic-conformal formulation is an independent theory with its own degrees of freedom, it is not a smooth limit of the Hořava theory with λ = 1/3.
Our aim in this paper is to point out that in the kinetic-conformal theory there are more classical solutions in the Hamiltonian formulation than in the original Lagrangian formulation. A key condition leading to this behavior is that the canonical formulation requires the addition of all the constraints, primary and secondary, to the Hamiltonian. In other words, although the Hamiltonian formulation can be obtained from the Lagrangian one by the standard Legendre transformation, the resulting Hamiltonian, once all the constraints have been added to it, looses the exact equivalence with the original Lagrangian. Actually, the classification of constraints between primary and secondary is a consequence of the Lagrangian taken to obtain the primary Hamiltonian [7] . When the quantization of the theory is intended, the correct Hamiltonian is the one with all the constraints added.
We give concrete examples of the enhancement of the space of solutions by studying vacuum (i. e., purely gravitational) configurations and configurations with matter sources. In the first case we find examples with static solutions. In the second case we incorporate a homogeneous and isotropic perfect fluid. We present a solution that has homogeneous and isotropic spatial slices with a scale factor for the spatial metric that is time dependent. We present these solutions mainly to illustrate the point about the additional solutions in the Hamiltonian formulation.
In the Lagrangian formulation of the kinetic-conformal Hořava theory there is a strong restriction on a class of homogeneous and isotropic configurations. If all the ADM variables and the source, which is taken as a perfect fluid, are assumed to be homogenous and isotropic, and the perfect fluid is assumed to adopt the same relativistic form of general relativity (GR), then the only possibility allowed by the Lagrangian field equations when λ = 1/3 is that the density and the pressure vanish (for the flat case, specifically). Actually, in Ref. [3] , where the extension of the nonprojectable theory and its first applications were presented, this result arises rather as a divergence on the cosmological gravitational constant. This is so because in that paper the field equations were managed to obtain a deformation of the Friedman equations valid, in principle, for any value of λ. In this way, in the Friedmann equations there arises a rescaled cosmological gravitational constant, which has a pole at λ = 1/3. But, as we have commented, the actual interpretation of this class of configurations at λ = 1/3 is that the source is empty. The same restriction can be seen in the Einstein-aether theory [8] , if the analog of the kinetic-conformal condition is imposed (in terms of the coupling constants of the Einstein-aether theory). This occurs already in the general case of the Einstein-aether theory, for which the deformation of the Friedmann equations was established in [9, 10, 11] . For the par-ticular case of the aether vector is restricted to be hypersurface orthogonal, which is called the khronometric theory or the T -theory, and it is the case equivalent to the Lagrangian of the nonprojectable Hořava theory truncated at second order in derivatives [12, 13] , an analysis on its cosmological configurations was applied in [14, 15] . In this hypersurface orthogonal case there arises the same restriction on the homogeneous and isotropic configurations when the kinetic-conformal condition is imposed.
We remark that all these studies about cosmological backgrounds are based on the Lagrangian formulation. According to the analysis we present here, in the Hamiltonian formulation there is still open the possibility of finding more solutions with the features of homogeneity and isotropy. We also remark that the Hamiltonian formulation we study here applies to the Hořava theory; we do not pretend to extend this formulation to the Einstein-aether theory. Another important assumption that deserves discussion is the condition of homogeneity and isotropy on all the ADM variables. In Hořava theory the structure of a spacetime is not mandatory since it is not a generally covariant theory, as we have commented. Strictly speaking, the principle of homogeneity and isotropy is restricted to the spatial metric, whereas the lapse function and the shift vector are fields over the spatial slices. In this scenario, it is admisible to consider lapse functions or shift vectors that can be inhomogeneous or anisotropic, but being accompanied by a homogeneous and isotropic spatial metric, whenever the field equations admit such configurations as solutions. We shall ellaborate on this point, in particular by relaxing the conditions on the lapse function.
We comment that there are several solutions known for the (complete) nonprojectable Hořava theory. Most of them have been obtained in the effective theory truncated at second order in derivatives. Indeed, some of them are known from (or simultaneosly discovered in) the Einstein-aether theory, owing on the equivalence both theories share at the level of the Lagrangians (for the case in which the solutions meet the condition of hypersurface orthogonality). Static spherically symmetric wormholes (and naked singularities) were found in the Einstein-aether in Ref. [16] . The same solutions were recovered on the side of the nonprojectable Hořava theory in Refs. [17, 18] . An extension of these wormholes for the case of negative cosmological constant was done in [19] . Black holes that are also static and spherically symmetric 1 have been found in Refs. [20, 21] . These black holes possess universal horizons, despite the fact that the underlying theory is not relativistic. For further discussion on the physics of universal horizons see, for example, [22, 23, 24, 25] . Slowing rotating black holes were found in Refs. [26, 27] . Recently an aspect of the thermodynamics associated to the universal horizon has been studied in Ref. [28] , specifically a quite general method for deriving the Smarr formula for the Hořava theory and the Einstein-aether theory, including the case of slowly rotating rotating black holes. There are also many important solutions for the projectable theory and for some truncated models of the nonprojectable theory (imposing the detailed balance principle, for example), as well as in lower dimensional models. For example, a recent model in 1+1 dimensions of the Hořava theory coupled to a nonrelativistic scalar field has been studied in Ref. [29] , finding black holes with universal horizons. This paper is organized as follows: to illustrate on simple grounds how in some systems there can be differences on the space of solutions of the Hamiltonian and the Lagrangian, we discuss in section 2 a simple toy model that mimics the gravitational theory and that exhibits this behavior. In section 3 we summarize the complete Hamiltonian formalism of the kinetic-conformal nonprojectable Hořava theory. In section 4 we discuss new vacuum solutions in this formalism. In section 5 we present a homogeneous and isotropic solution with a source. In section 6 we check explicitly that the new solutions cannot be found in the original Lagrangian. Finally, we present some conclusions.
Hamiltonian vs Lagrangian equations in a toy model
Let us start with the standard approach of building the Hamiltonian of a theory by performing a Legendre transformation on a given Lagrangian. Consider a field theory over one time direction and one spatial direction and whose independent fields are φ(t, x) and n(t, x). The idea with this model is that φ plays the role of analog of the spatial metric and n the one of the lapse function. We denote by a dot the time derivative and by a prime the spatial derivative,φ = ∂φ/∂t, φ ′ = ∂φ/∂x. We define the original Lagrangian such that the action is
is a potential for φ that depends on it and its spatial derivatives, but not on the time derivatives, and does not depend on n. The last term in (2.1) is the potential for n and there is no kinetic term for it. In this toy model we fix the values of all the coupling constants for the sake of simplicity. The equations of motion of this action are
where the brackets denote total integration, f = dtdxf .
Let us perform a Legendre transformation on the Lagrangian given in (2.1). We denote by π the momentum conjugated to φ, which results 4) and by p n the momentum conjugated to n, which is zero. This is the unique primary constraint of the theory. The Hamiltonian density obtained in this way is
where we have incorporated the primary constraint with the Lagrange multiplier σ.
We now apply the Dirac procedure for the time preservation of the constraints. The preservation of the primary constraint yields the secondary constraint
which we call the "Hamiltonian" constraint. p n and H are second-class constraints, since
The other combinations of Poisson brackets are zero, {H, H} = {p n , p n } = 0. Consequently, the preservation of the Hamiltonian constraint yields an equation for the Lagrange multiplier σ, namely
With Eq. (2.8) Dirac's procedure ends; the constraints of the theory are p n and H. The Hamiltonian H (0) given in (2.5) includes only the primary constraint. As we have commented, the classification between primary and secondary constraints is subject to the choice of the Lagrangian made in (2.1) [7] . Therefore, we define the total Hamiltonian as
where A is a Lagrange multiplier. Actually, constraint p n = 0 is already solved.
Since it plays no role in the rest of our analysis, we substitute the condition p n = 0 explicitly in the Hamiltonian for the sake of simplicity. We define the total canonical action as
Now we derive the independent equations of motion of the action (2.10) by taking variations of it with respect to n, π, φ and A. Variations with respect to A yield the Hamiltonian constraint H = 0 given in (2.6). Variations with respect to n, after imposing H = 0 explicitly, yield the equation
We may present the formal general solution of this equation in terms of an indefinite integral of n −1 and two arbitrary functions of time k 1 (t) and k 2 (t),
Variations with respect to π and φ yield, respectively,
In summary, to get a classical solution of the theory defined by the total canonical action (2.10), one must find a set of fields φ, π, n and A that solve the Eqs. (2.6), (2.11), (2.13) and (2.14). The solutions of (2.11) can always be deduced from (2.12).
Now we proceed to show that the space of solutions of the canonical action (2.10) is bigger than the space of solutions of the Lagrangian action, whose equations of motion are (2.2) and (2.3). First, the canonical equations imply the Lagrangian ones. To see this, we assume that 15) such that the relation between φ and π in Eq. (2.13) can be inverted,
By substituting this relation in the Hamiltonian constraint (2.6) and the Eq. (2.14), we get the two equations
17)
Now, from the general solution (2.12) we extract the class of solutions given by k 1 (t) = 0 and k 2 (t) arbitrary, such that A = k 2 (t)n, requiring only k 2 (t) = −1 in order to meet condition (2.15). On this class of configurations the Eqs. (2.17) and (2.18) become
It is evident that the redefinition of n given by n → (1 + k 2 )n renders this two equations, which remain as the only unsolved equations on the side of the canonical variables, identical to the Lagrangian equations (2.2) and (2.3). The second part is to show that there are more solutions on the canonical side. If we now assume
which is obtained from (2.12) by putting k 1 (t) = 0 and k 2 (t) = −1, we get that relation (2.13) cannot be inverted to solve π. Hence, the connection with the original Lagrangian by the way of a Legendre transformation is lost. Instead, we get that the Eqs. (2.13) and (2.14) becomeφ
The Hamiltonian constraint (2.6) remains as a condition on φ, π and n. Therefore, this class of solutions is given by A = −n, static fields φ and π, and a field n. The last three variables must satisfy constraint (2.6), which is the only condition left on them.
To complete the comparison of this class of solutions with the Lagrangian formulation, we substitute a static field φ in the Eqs. (2.2) and (2.3), obtainning
There are two differences between this system and the class of solutions we have just found on the canonical side. First, in the Lagrangian system (2.23 -2.24) there is the additional equation (2.23) and, second, the Eq. (2.24) is different to the constraint H = 0 (2.6) since the term 1 2 π 2 is missing. On the other hand, as a consequence of the general analysis we did previously, the system of equations (2.23 -2.24) is reproduced on the Hamiltonian side (explicitly, substituteφ = 0 in Eqs. (2.19 -2.20) and redefine n → (1 + k 2 )n with k 2 = −1). Therefore, all the solutions of (2.23 -2.24) can be found in the Hamiltonian formalism, but there are static solutions in the Hamiltonian formalism that are not solutions of the Lagrangian formalism if the Lagrangian is the one given in (2.1).
Hamiltonian of the kinetic-conformal Hořava theory
The Hořava theory is written in terms of the ADM variables N, N i and g ij . We consider the nonprojectable version where the lapse function N is a function of the time and the space. We denote by π ij the canonically conjugate momentum of g ij and by P N the one of N, which is zero. Although this is an already-solved constraint, we keep it explicit in the Hamiltonian analysis for the sake of rigorousity. The shift vector N i can be regarded as a Lagrange multiplier. An important [3] composed object is the FDiff-covariant vector
Curvature tensors of the spatial metric as the spatial Ricci tensor R ij and the spatial Ricci scalar R are used in this theory. We consider only the terms that are of second order in spatial derivatives (the theory is of second order in time derivatives). The second-order terms are the dominant modes for the large-scale physics. The complete Hamiltonian of the kinetic-conformal theory, with all the constraints added, is
2) β and α are coupling constants. σ, µ, A 1 and A 2 are the Lagrange multipliers of the constraints
where
H i is the momentum constraint,
It is the generator of the symmetry of transformations on the spatial coordinates. This is a first-class constraint whereas the four constraints P N , π, C 1 and C 2 are of second class.
The Hamiltonian formulation was derived in Ref. [4] following the standard procedure of obtainning the Hamiltonian from a Legendre trasnformation of the Lagrangian, and then demanding the preservation of the constraints. In this way, the secondary constraints that directly arise are actually
Here we have recombined the pair H = C = 0 into the pair C 1 = C 2 = 0, given in (3.5 -3.6), since the latter have a simpler structure. We also comment that the constraints π = 0 and C = 0 are the additional constraints that characterize the kinetic-conformal theory; they are absent out of the kinetic-conformal point, i. e., when λ = 1/3 (and in that case the structure of H is different). By applying Dirac's procedure for the time preservation of the constraints in time, we obtain that the preservation of the four second-class constraints (3.3 -3.6) leads to the following four equations for the Lagrange multipliers,
The preservation of the momentum constraint H i = 0 is ensured on the constrained phase space since it is a first-class constraint
To obtain the Hamiltonian evolution equations we take variations of the Hamiltonian (3.2) with respect to all the canonical variables. Taking variations with respect to N reproduces exactly the Eq. (3.11), since this equation was obtained by imposingṖ N = 0. Variations with respect to π ij , g ij and P N yield, respectively, the equationṡ
In these equations we have fixed the gauge condition N i = 0.
To obtain a solution of the theory in the Hamiltonian formalism we may adopt two different, but equivalent, schemes. The first scheme is to pose an initial-data problem. The initial data on the canonical variables is subject to the constraints (3.3 -3.6) and (3.8) at the initial time. The equations (3.11 -3.14) must be solved for the Lagrange multipliers for all time, since they ensure that the constraints are satisfied at all times. In this scheme the evolution equations (3.16 -3.18) are interpretated as the formulas giving the evolution of the canonical variables in a consistent way, starting from the initial data.
The second scheme is an "all-time solution" problem, on which all the field equations that determine the stationary points of the action are solved simultaneosly for all time. The field equations are obtained by taking variations of the canonical action with respect to all the variables on which it depends: the canonical variables and the Lagrange multipliers. Then, a solution is given when all these equations are solved simultaneosly for all time. In this scheme the field equations that need to be simultaneously solved for all times are the constraints (3.3 -3.6) and (3.8), the evolution equations (3.16 -3.18), and the Eq. (3.11) since this equation has a dual role: it is both a condition for the preservation of constraints and a field equation for a stationary point. The two schemes are equivalent.
Special Hamiltonian solutions 4.1 Existence of special Hamiltonian solutions
Here and in the next section we analyze configurations for which the Legendre transformation cannot be inverted. In this section we restrict the analysis to the purely gravitational theory, without coupling to matter sources. The corresponding Hamiltonian formalism was given in the previous section.
As in the toy model, the key for the special solutions is the vanishing of the coefficient of π ij in the evolution Eq. (3.16) . Let us analyze first, using the scheme of a problem of inital data, the existence of these special solutions, which are characterized by
We start by analyzing the equations for the Lagrange multipliers. We require that also A 2 is proportional to N,
With these settings for A 1,2 the variable B becomes constant, and we obtain that the two Eqs. (3.11) and (3.12) are completely solved if k 2 = −1, i. e., A 1,2 are given in terms of N by
Next, it is easy to evaluate the Eqs. (3.13 -3.14) under (4.3) since in these equations the factors N +2A 1 and N +A 2 inside the brackets remain unaltered after computing the brackets (C 1 and C 2 do not depend on P N ). In addition, since B becomes constant, the term √ gB∇ 2 N in (3.13) becomes a total derivative that does not contribute to the bracket. Therefore, the whole terms vanish after (4.3) is imposed. The Eqs. (3.13 -3.14) result
(4.5)
These two equations form a system of homogeneous partial differential equations for σ and µ. A particular solution, without requiring any further condition, is σ = µ = 0. We shall use this solution on the next subsection. On more general grounds, the system (4.4 -4.5) becomes elliptic if the matrix of coefficients of the terms of second order in derivatives is positive definite. This sets two conditions on the space of coupling constants, namely
Therefore, if we assume these condition holds, there exist solutions of the Eqs. (4.4 -4.5), each one corresponding to a given boundary condition. The initial data is subject to the constraints (3.3 -3.6) and (3.8) at the initial time. In the set {(g ij , π ij ), (N, P N )} of canonical variables there are 14 functional degrees of freedom over the t = 0 slice. The set of constraints (3.3 -3.6) and (3.8) plus the gauge fixing condition for the symmetry of spatial diffeomorphisms fix 10 of these degrees of freedom. Thus, there remain 4 free degrees of freedom on the initial data. This corresponds to two propagating physical modes.
The equations that govern the evolution of the initial data, Eqs. (3.16 -3.18), get greatly simplified over these special configurations. Indeed, in these equations there are several ocurrences of the factors N + 2A 1 , N + A 2 , and derivatives of B. All of them become zero on these special solutions. Therefore, the equations for the evolution of the canonical variables take the simple forṁ
(4.9)
Therefore, we have that a class of interesting special solutions exists. They represent a flow of the three-dimensional metric on a given topology. These solutions are characterized by 2A 1 = A 2 = −N. The remaining Lagrange multipliers σ and µ are determined by the equations (4.4 -4.5), and the initial data on the canonical variables must solve the constraints (3.3 -3.6) and (3.8) . The evolution equations are (4.7 -4.9). Notice that the evolution flows of g ij and π ij are coupled each other due to the factor µ. This class of solutions cannot be obtained from the original Lagrangian field equations since there is no direct relation betweenġ ij and π ij .
Example: static solutions
Here we pursue a concrete example of solutions of the equations that we have previously found. We start with the equations for the Lagrange multipliers σ and µ, Eqs. (4.4 -4.5). Since these equations are homogeneous, an obvious solution is
With this the right-hand sides of Eqs. (4.7 -4.9) vanish, which implies that the configurations have static canonical fields,ġ ij =π ij =Ṅ = 0. Therefore, the initial data is the whole solution since it is static.
After imposing P N = 0 explicitly, we have that the static solutions must satisfy the constraints (3.4 -3.6) and (3.8) . It is convenient to use the constraint C 2 to solve N. To this end the following change of variables is useful,
With this change the constraint C 2 given in (3.6) becomes
which we regard as an equation for W . We now use (4.12) in the constraint C 1 given in (3.5), obtaining
14)
The constraints (3.4), (3.8) and (4.13) can be regarded as a set of conditions on π ij . To further advance, we assume that we are in a region on which the static spatial metric g ij is a flat metric. Then the Eq. (4.12) takes the form 15) where now ∇ 2 is the flat Laplacian. Therefore, any harmonic function W on the given region satisfying some boundary condition solves the constraint (4.15). There remain the constraints on π ij , which we sumarize here,
The consistency of Eq. (4.18), for any configuration with π ij , ∂ i W = 0, requires χ 2 ≥ 0. This is a condition on the coupling constants α and β.
We may give a class of static solutions of the system (4.15 -4.18) with the flat metric in the following way. We implement Cartesian coordinates on the spatial slices. The solutions start with the assumption that one is given with a harmonic function W that can be expressed in separate variables,
For the momentum field we assume that all its diagonal components vanish, π 11 = π 22 = π 33 = 0, such that the constraint (4.16) is automatically solved. The momentum constraint (4.17) is completely solved if the off-diagonal components have the following dependence on the coordinates:
Finally, the constraint (4.18) is solved if these components of the momentum are given in terms of the components of the harmonic function in the form
Summarizing, the new vacuum solutions we have presented are composed of the following ingredients: all canonical fields and Lagrange multipliers are static. The spatial metric is the flat one, in Cartesian coordinates g ij = δ ij . With this flat metric in Cartesian coordinates pick up a harmonic function W that can be expressed in separate variables as (4.19) . With the components of the harmonic function build up the off-diagonal components of the conjugated momentum according to (4.21) . Put the diagonal components equal to zero. The lapse function N is given in terms of the harmonic function W by Eq. (4.11) . Finally, the Lagrange multipliers are σ = µ = 0 and A 2 = 2A 1 = −N.
Coupling to sources: homogeneity and isotropy
The ways on which matter sources can be coupled to the Hořava gravity are in principle different to GR, since the Hořava gravity is a nonrelativistic theory. Our proposal here is not to undertake this discussion, but to find a suitable scenario under which concrete special solutions can be found on the Hamiltonian formalism. In particular we ask ourselves whether solutions coupled to homogeneous and isotropic sources can be found. With this aim, and paralellizing the standard approach of GR, we consider a perfect fluid that has a relativistic energy-momentum tensor,
We also consider that the perfect fluid is at rest in the chosen reference frame, which implies that in this frame the four-velocity takes the form
such that the constraint u µ u µ = −1 is satisfied. A words of caution about this coupling are necessary. Since this energy-momentum tensor is going to be coupled to the nonrelativistic gravity, it cannot be taken for granted that the gravitational field equations do not induce nonrelativistic effects on the behavior of the source. One of such nonrelativistic effects is that the field equations in the Hamiltonian formalism do not imply the relativistic energy-momentum conservation condition ∇ µ T µν = 0. The corresponding conservation law that adopts the source in this theory can, in principle, be deduced from the Hamiltonian field equations (or directly on a given solution).
Since in the case of the coupling to a source we want to find concrete solutions explicitly, we work on the approach of the all-time solution, where the field equations for the stationary point need to be solved. We substitute the constraint P N = 0 explicitly throughout the analysis since it is unnecessary for our task here. In this case the Eq. (3.18), which gets no modification by the coupling to the source, can be simply interpreted as the equation determining σ, which becomes an irrelevant variable. The Eqs. (3.4), (3.8) and (3.11) receive no contribution from the source, whereas the constraints C 1 and C 2 and the evolution equations (3.16) and (3.17) get modified by it. We summarize here the resulting system of field equations,
As in the previous vacuum case, we pursue special solutions for which the Hamiltonian formulation looses the relationship with the original Lagrangian. These solutions are characterized by 2A 1 = −N. Since the Eq. (5.9) remains unaltered after the coupling to the source, adopting the same previous ansatz for the Lagrange multiplier A 2 seems promisory. Thus, we fix again the Lagrange multipliers A 1 and A 2 according to 2A 1 = A 2 = −N, such that Eq. (5.9) is completely solved. We consider that the source variables ρ and P depend only on the time coordinate. We introduce the ansatz on which the spatial metric is homogeneous and isotropic. For the sake of simplicity we only consider the flat case. In Cartesian coordinates, this ansatz is impleted by the spatial metric
We also consider that the momentum π ij depends only on the time coordinate. We do not consider that the lapse function N is a function only of time since this leads to an uninteresting restriction, as we shall see. With these settings the momentum constraint (5.4) is automatically solved. Equation (5.7) reduces to 11) and its solution is µ = 2ȧ a .
Since constraint (5.3) demands that π ij is traceless, from (5.13) we extract the equation of state P = −ρ . (5.14)
In turn, this implies that the right hand side of Eq. (5.13) is equal to zero. This equation can be directly integrated, its solution is
where m ij is a symmetric traceless constant matrix, such that the constraint (5.3) is automatically solved.
There remain the constraints C 1 and C 2 , given in (5.5) and (5.6), to be solved. Under the conditions we are considering, these constraints take, respectively, the form 2m
where m 2 ≡ m ij m ij and ∂ 2 is the flat Laplacian in Cartesian coordinates, ∂ 2 = ∂ i ∂ i . Notice that if the lapse function N was a function only of time, then the constraint (5.17) would imply a 2 ρ = 0. Because of this we relax the functional form N, allowing a spatial dependence for it in such a way that these two constraints can be solved consistently. We introduce the following anstaz for N, 19) where
. Consistency of this equation requires that the coupling constants satisfy the bound 2β + α < 0 (assuming ρ > 0). By using Eq. (5.19) in Eq. (5.16), we obtain that (5.16) becomes an algebraic equation for a and ρ, whose solution is
(If we assume β > 0 and 2β + α < 0, then β − α > 0). In summary, the solution has the homogeneous and isotropic spatial slices whose metric is given in (5.10). a and ρ are related by Eq. (5.20) and the solution requires the equation of state (5.14). Note that, although P = −ρ, the density and the pressure are not constant in this solution. This is admissible since, as we pointed out above, the fluid does not satisfy the relativistic energy-momentum conservation condition. The conjugated momentum π ij is given in terms of a by (5.15), where the constant matrix m ij is symmetric and traceless, but otherwise arbitrary. The lapse funtion N is given by Eq. (5.18) , where the functions f 1,2,3 are subject to the condition (5.19) . Upon the relation (5.20), a solution of Eq. (5.19) is
f 0 is left undetermined. Finally, the Lagrange multipliers are fixed by (5.12), σ =Ṅ, and 2A 1 = A 2 = −N. The solution is valid in the region 2β + α < 0 of the space of coupling constants.
Comparison with the Lagrangian
The action expressed in terms of the original Lagrangian of the nonprojectable Hořava theory, up to second order in derivatives, is [1, 3] 
2)
3)
The kinetic-conformal formulation we study here is based on setting λ = 1/3. We couple again the gravitational theory to the perfect fluid with the energy-momentum tensor (5.1). The equations of motion are obtained by taking variations with respect to g ij , N and N i . This yields the equations
To perform the comparison with the Hamiltonian formalism, it is illustrative to substitute in the field equations (6.4 -6.6) the N i = 0 condition and the final form of the spatial metric g ij , regarding the resulting equations as conditions for the lapse function N (and the source).
Static vacuum solutions
The solutions we found in section 4 are vacuum solutions, P = ρ = 0, have static fields and a flat spatial metric. Under these conditions the Eq. (6.6) is completely solved whereas the Eq. (6.5) and the trace of Eq. (6.4) become, respectively,
For 2β − α = 0, which was assumed in section 4, these equations imply ∇ i N∇ i N = 0. The only solution for static N is N = constant. This contradicts the solution for N given in Eqs. (4.11) and (4.15) if we consider a nonconstant harmonic function W . Therefore, the static vacuum solutions of section 4 are not included in the space of solutions of the Lagrangian equations (6.4 -6.6).
Sourced homogeneous and isotropic solution
By substituting g ij = a 2 (t)δ ij in Eq. (6.4) we get that it takes the form
If we now substitute the ansatz (5.18) in this equation and examine its offdiagonal components, we get that they become (β − α)f i f j = 0 , i = j . (6.10)
For β = α, which is implicit in the solutions of section 5, this equation implies that at least two of the three functions f 1,2,3 are equal to zero. Suppose that f i denotes the only one of them that remains nonzero. Then, it is easy to check that the diagonal components of the Eq. (6.9) yield two equations for f i and a 2 P , whose unique solution is f i = a 2 P = 0 (another condition on the coupling constants, that is implicit in the analysis of section 5, arises). Therefore all f i are zero, N is at most a function of time. Equation (6.5) then implies ρ = 0. These results and P = 0 contradicts the solution we showed in section 5.
Conclusions
We have shown how in the kinetic-conformal formulation of the nonprojectable Hořava theory the space of solutions of the Hamiltonian formulation is bigger than the corresponding space in the original Lagrangian formulation. This inmediatly brings our attention to the fact that the solutions found in the Lagrangian formulation are incomplete, there are more solutions. The Hamiltonian formulation is the appropiated way to address the quantization of the theory, and the Hořava theory was proposed as a consistent theory of quantum gravity.
A key role is played by the Lagrange multipliers associated to the secondary constraints. These contraints must be added to the Hamiltonian that is taken as the basis for the quantization. In particular, there are configurations of these Lagrange multipliers for which the Legendre transformation cannot be inverted. By working on these special cases we have found new solutions in the Hamiltonian formalism that cannot be found in the Lagrangian formalism.
To illustrate the mechanism with specific examples we have presented a large class of evolving solutions governed by the flow of a three-dimensional metric, new static vacuum solutions and a new solution with a source. The solution with the source, which specifically is a homogeneous and isotropic perfect fluid with a relativistic energy-momentum tensor, has the interesting feature of possessing a homogeneous and isotropic spatial metric with nontrivial (time dependent) scale factor. Although the coupling to perfect fluids in Hořava gravity does not need to be relativistic, we have taken the relativistic energy-momentum tensor as a test example.
As we have commented, in the Lagrangian formulation of the kinetic-conformal theory the homogenous and isotropic spacetime configurations coupled to perfect fluids have the uninteresting restriction that the density and the pressure vanish. Our results indicate how more homogeneous and isotropic configurations arise when, first, the solutions are studied in the Hamiltonian formalism and, second, the condition of homogeneity and isotropy is restricted to the spatial metric, whereas the lapse function is allowed to have a more general dependence on the space. The ADM variables are the natural variables of the Hořava theory but the interpretation of the geometry is different to GR since the fundamental geometric structure is the foliation, not the spacetime metric. The underlying symmetry is not the general covariance, but the FDiff.
Thus, the existence of the new solutions of the Hamiltonian field equations testifies that there are more solutions than in the original Lagrangian field equations. For the particular case of the homogeneous and isotropic configurations, our conclusion is that the search does not end with the restriction arising in the original Lagrangian formalism.
